Topological Field Theory and Lee-Yang Zero by Zhou, Jing & Ping, Jialun
Prepared for submission to JHEP
Topological Field Theory and Lee-Yang Zero
Jing zhou, Jialun Ping1
Department of Physics, Nanjing Normal University, Nanjing, Jiangsu 210097, China
E-mail: 171001005@stu.njnu.edu.cn, jlping@njnu.edu.cn
Abstract: The Jones polynomial and its generalizations can be computed as expectation
values of Wilson loop operators. we show that the zero of the Jones polynomial is Lee-Yang
type. Moreover phase transition is also discussed in the Jones polynomial of torus knot and
topological field theory.
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1 Introduction
The Jones polynomial [1, 2] is a celebrated invariant of a knot in the three-dimensional
space, it is discovered by Jones as an shoot of his work on von Neumann algebras. Then
many descriptions and generalizations of the Jones polynomial were discovered immediately
after Jones’s work. In fact, the polynomial has multiple relations to many aspects of
mathematical physics, which including statistical mechanics, two dimensional conformal
field theory, representations of braid groups and three-dimensional Chern-Simons gauge
theory [3–7].
In 1952, Lee-Yang [8, 9] established a rigorous relation between the analytic properties
of free energies and thermodynamics through continuation of the partition function to the
complex plane of physical parameters. And they considered a general Ising model with the
ferromagnetic interaction Jij > 0 under a magnetic field h with the Hamiltonian. Then
they proved that all the zeros of this partition function lie on the unit circle in the complex
plane of z. And one can find that the Lee-Yang zeros characterize the analytic properties of
partition function and the thermodynamics systems. So, determining the Lee-Yang zeros
is not only useful for a complete picture of thermodynamics and statistical physics but also
important for studying phase transition of physics system. Surprisingly, Lee-Yang zeros are
observed by measuring quantum coherence of a probe spin coupled to an Ising-type spin
bath [10]. In other word, the zeros really exist.
Actually, Lee-Yang zero has go beyond the statistical physics. Maloney and Witten [11]
shown that the Hawking-Page transition [12] in AdS3 space is Lee-Yang type, while the
original Lee-Yang phase transition is only for two dimensional Ising model. This is an
important reason that we argue that the phase transition in topological field theory is Lee-
Yang type. Next, let us interpret the Lee-Yang phase transition in the AdS3 space in more
detail.
The Hawking-Page transition can be seen from Lee-Yang condensation of zeros in the
partition function for k → ∞. Actually, the partition function Z(τ) of three dimensional
gravity is a modular function which computes at fixed temperature Imτ and angular poten-
tial Reτ . In the limit of infinite volume, these zeroes condense along the phase boundaries.
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So, it gives rise to phase transition. The analog of the infinite volume limit for the partition
function Z(τ) is k → ∞ because as we know k = `/16G implies that k directly propor-
tional to the AdS3 radius. In this case, the partition function Z(τ) is non analytic which
corresponding to the occurrence of phase transition.
Our aim here, however, is not to understand the phase transition in AdS3 space but
the zeros in Jones polynomial or topological field theory. Then, there is a natural question
to ask: What do these zeros mean? Or, in other word, can phase transition happen in
topological field theory? In the following work, we show that it may shed light on this
issue.
2 The Jones Polynomial
The Chern-Simons action for a gauge theory with gauge group G and gauge field A on
an oriented three-manifold M can be write as,
CS(A) =
k
4pi
∫
M
Tr
(
dA ∧A+ 2
3
A ∧A ∧A
)
. (2.1)
Here k is an integer for topological reasons. All we really need to know for now about
CS(A) is that it is gauge-invariant. The Feynman path integral now is formally an integral
over the infinite-dimensional space of connections A. This is a basic construction in the
quantum field theory, ∫
DA exp (iCS) . (2.2)
To including a knot which it is an embedded oriented loop K ⊂ M , we make use of the
loop of the connection A around K. Picking an irreducible representation R of K, then one
can associate an observable, the trace of Wilson loop operator,
W (K,R) = TrP exp
∫
K
A. (2.3)
Then we define a natural invariant of the pair (M , K), So the partition function can write
as,
Z (M ;K) =
∫
DA exp (iCS)
r∏
i=1
W (Ki, R) . (2.4)
This is a topological invariant of the knot K in the three manifold M , which depends only
on G, R and K. Then, Witten made use of the topological invariance of the theory to solve
Chern-Simons topological theory on three manifold M with collection of knots, which is a
suitably normalized Chern-Simons partition function,
〈W(K,R)〉 =
∫
DA exp (iCS)
∏r
i=1W (Ki, R)∫
DA exp (iCS)
, (2.5)
equals to the Jones polynomial,
〈W(K,R)〉 = JK(q). (2.6)
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For modular transformation and G = SU(2) we have,
Smn =
√
2
k + 2
sin
(
(m+ 1)(n+ 1)pi
k + 2
)
. (2.7)
And we obtain the partition function on S3 [7, 15],
Z
(
S3
)
= S00 =
√
2
k + 2
sin
(
pi
k + 2
)
. (2.8)
The general formula for G = SU(N) is given by,
ZS3(SU(N), k) = e
ipiN(N−1)/8 1
(N + k)N/2
√
N + k
N
N−1∏
j=1
(
2 sin
jpi
N + k
)N−j
. (2.9)
3 Zero of Jones Polynomial and Topological Field Theory
In the previous section, we have shown that the three-dimensional quantum theory
gives a definition of the Jones polynomial of a knot. An important fact is that we can
expand the partition function to a polynomial. Then it is natural to study the zeros of this
polynomial. However this is not the whole story, we need to know the Lee-Yang zero first.
Let Z be the canonical partition function which is written as,
Z =
n∑
i=1
e
µN−En
kT , (3.1)
where En is the energy, µ is the chemical potential and N is the number of particles. If we
expand partition function Z to a polynomial of z [16],
Z = 1 + a1z + a2z
2 + · · ·+ aMzM , (3.2)
where z = e
µ
kT . Here one should note that aj (j = 1, 2, · · · ,M) are all positive real number.
Now Let us consider the root of the function,
Z (T, V, z) = 0. (3.3)
Then from the above two equations, one can find that there is no positive real root for the
equation. If analytical extension to the complex plane, we find that all the zeros are on the
unit circle which is the celebrated Lee-Yang unit circle theorem. But it is not the whole
story. In physics, phase transition is a very interesting phenomenon. It is argued that phase
transition can only happen when the zeros of the partition function has real part. In this
case, the partition function is not a analytic function now. This comment is very important
for the zeros of the of Jones polynomial.
Since both of the partition function of Lee-Yang and Jones polynomial can expand
to polynomial. Then there may be natural link between the two structures. Now Let us
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consider the zeros of the Jones polynomial. From the section 2, one may find that the
expectation value of a Wilson loop in representation with spin 12 is,
〈W(K,R)〉 = ZM ;K
ZS3
=
S10
S00
= q
1
2 + q−
1
2 , (3.4)
where
q = exp
2ipi
k + 2
. (3.5)
If 〈W(K,R)〉 = 0, then it is means,
q
1
2 + q−
1
2 = 0, (3.6)
So one can find that there is only one root −1 which is on the unit circle. The next case is
the expectation value of Hopf link with 2 spin 12 Wilson loop which can write as
〈Whopf (K,R)〉 = ZM,K
ZS3
=
S11
S00
=
(
q
1
2 + q−
1
2
) (
q + q−1
)
. (3.7)
Then one can find there are three roots which are −1, −i, i. In fact, according to the
Lee-Yang theorem, then there is no phase transition. Actually, the expectation value of the
Wilson loop equals to zero, then we can rewrite the Eq.(2.5) as,∫
DA exp (iCS)
∏r
i=1W (Ki, R)∫
DA exp (iCS)
= 0. (3.8)
Then what we are interested in is,∫
DA exp (iCS)
r∏
i=1
W (Ki, R) = 0. (3.9)
So, one can find the zero of the Jones polynomial is equal to the zero of Z (M ;K) =∫
DA exp (iCS)
∏r
i=1W (Ki, R). It equals to say that phase transition do not happen in
the topological field theory in the previous two case.
The above has shown that there is no phase transition in the trivial knot. Then it is
necessary to study some nontrivial knots which phase transition could happen. Now Let
us study the zeros of Jones polynomial of torus knot J(m,n) [18] which distributes on x
axis. one should note that the simplest nontrivial example of this knot is the (2, 3) torus
knot which is also known as the trefoil knot. In physics, since real-zeros of an equation
usually represent observable values, it is interested to investigate them in advanced. The
Jones polynomial of torus knot write as,
J (m,n) = 1− qm+1 − qn+1 + qm+n, (3.10)
If taking the limit of n→∞, this leads to n for all m, then one can find that all roots are
distributed uniformly on the unit circle. In fact, for all Jones polynomials of torus J(p, q),
there are two positive real-zeros with one is 1 and another is inside 1 < r < 2[17]. Then
by Lee-Yang theorem, one can find that the two real zeros are phase transition points. In
other word, phase transition happen in this type topological field theory.
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4 Summary
In summary, we introduce the Jones polynomial and topological field theory. In fact,
the expectation value of the Wilson loop is the Jones polynomial. Witten find that the
Hawking-page phase transition in Ads3 space is Lee-yang type. Then we study the zeros
of the topological field theory. And we shown that the zero of hopf link obey the Lee-Yang
unit circle theorem. It is suggested that there is no phase transition in this link. Since all
the Jones polynomials of torus J (m,n) there are at least two real zeros. Then we argue
that phase transition can happen in the torus knot. Or, more accurately, phase transitions
can happen in the topological field theory which the corresponding knot is torus knot.
The 1N expansion of the free energy of Chern-Simons theory [19, 20] takes the form
F =
∑
g,hCg,hN
hκ2g−2+h =
∑
g,hCg,hN
2−2gλ2g−2+h. However, in the large N limit, it
is possible to have phase transitions even in finite volume. Further evidence was found
in that the Wilson lines observable in the topological string theory gives the same knot
invariants [21]. Then there is natural question to ask: Can phase transition really happen
in the topological string theory?
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